Abstract. We consider the question of the determination of subgroups A and B such that A ∩ B g = 1 for any g ∈ G for a finite almost simple group G and its primary subgroups A and B of odd order. We prove that there exist only four possibilities for the ordered pair (A, B) .
Introduction
Let G be a finite group and A and B be its subgroups. By definition, M is the set of subgroups that are minimal by inclusion among all subgroups of type A ∩ B g , g ∈ G, and m consists of those elements of the set M whose order is minimal. Set Min G (A, B) = M and min G (A, B) = m . Evidently, Min G (A, B) ≥ min G (A, B) and the following three conditions are equivalent:
(1) A ∩ B g = 1 for any g ∈ G; . But also in the almost simple group G Aut L 2 (7) we have that Min G (S, S) = min G (S, S) = S for a Sylow 2-subgroup S of G. Moreover, it is proved in [5] that for a group G with socle L 2 (q), q > 3, if subgroups A and B are primary, then the inequality Min G (A, B) = 1 is valid only for q = 9 and for the Mersenne prime q = 2 n − 1; in these cases subgroups A and B are 2-groups.
In the present paper, we consider the case where A and B are primary subgroups of odd order in a finite almost simple group G. Our main result is the following theorem.
Theorem 1. Let G be a finite almost simple group and A and B be its primary subgroups of odd order. Then the following are equivalent.
( In Sec. 2, we establish some properties of subgroups of Chevalley groups, which are necessary for the proof of Theorem 1 and, in the opinion of the authors, are also of independent interest.
Notation and Preliminary Results
A finite group G is called almost simple if Inn(K) ≤ G ≤ Aut(K), where K is a finite simple non-Abelian group and Inn(K) and Aut(K) are, respectively, the groups of inner automorphisms and all automorphisms of the group K. In this paper, the following shortcuts and notations are used:
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• g h = h −1 gh for elements g and h of a group G;
• M is the group generated by a set M ;
• N G (A) is the normalizer of a subgroup A in a group G;
is the maximal normal p-subgroup of a finite group G;
• A B is the semidirect product of groups A and B with a normal subgroup A.
Actually, the proof of the implication (1) =⇒ (2) of Theorem 1 is reduced to the analysis of the situation in the group D 4 (3) Z 3 by the usage of the following result of the first author.
Lemma 1 ([5, Theorem B(2a)])
. Let G be a finite almost simple group, p be an odd prime, and S be a Sylow p-subgroup of G. If S ∩ S g = 1 for any element g of G, then p = 3 and G contains a normal subgroup of index 1 or 2 that is isomorphic to D 4 (3) Z 3 .
We will also need the following two technical lemmas, which will be used in the sequel. Proof. By the conditions of the lemma, we have that T s = S ∩S hs ≥ A∩B hs = 1 for any s ∈ S. Therefore, taking into account that T is a cyclic subgroup of prime order, we deduce the inclusion T s ≤ A for any s ∈ S, i.e., T S ≤ A. The lemma is proved.
Lemma 2 ([5, Lemma 3.1]). Let G be a finite group and M
1 be a subgroup of G. Let P 1 be a Sylow p-subgroup of M 1 such that P 1 ∩ P k 1 = O p (M 1 ) for some k ∈ M ,p-subgroup P 2 of M 2 such that P 1 ∩ P 2 ≤ O p (M 1 ) ∩ O p (M 2 ).
Some Properties of Intersections of Sylow p-Subgroups of Chevalley Groups over a Finite Field of Characteristic p
Further, Φ is a reduced indecomposable root system, Π = {r 1 , . . . , r l } is its set of fundamental roots, Φ + is a positive root system with respect to Π, and also Φ − = −Φ + . We always assume that r 1 is a short root and the sum r i + r j , i ≤ j, is a root if and only if:
We will need the following strengthening of Lemma 3.6.2 from [2, p. 50]. Proof. Let r = c 1 r 1 + · · · + c l r l be the expression of a root r ∈ Φ + as an integral combination of fundamental roots with nonnegative coefficients. Obviously, we have only the following two cases:
(1) c i ≤ 1; (2) at least one of the numbers c i is greater than 1.
